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The purpose of this paper is to investigate the problem on the existence of a periodic solution 
for nonlinear ordinary differential equations 
S~,~+~) +f(t,~,~,,...,x(2~O=o. (1) 
It will always be assumed that the function f : _R x R 2n+l --~ R is continuous and 27r-periodic 
with respect o t. 
One of the important opics in the qualitative theory of ordinary differential equations is 
the study of the existence and/or uniqueness of a periodic solution. In recent years, there has 
been increasing interest in the existence problem for the high-order differential equations, for 
example, [1-9]. In [7], the equation 
n-1 
x(2n+l) + ~ ~x(2i+l/+ g(t, ~) = 0 (2) 
i=0 
was discussed. Apply ing the continuation theorem of Mawhin ,  the existence of periodic solutions 
for (2) was obtained. 
Partially supported by NSFC (1(1101030) Grant. 
Please us second address for all correspondence. 
0893-9659/04/$ - see front matter @ 2004 Elsevier Ltd. All rights reserved. Typeset by .AMS-T ~ 
doi:10.1016/j.aml.2002.12.014 
728 F. CONG 
This note continues the work of [7]. Let ai, i = 0, 1 , . . . ,  2n, be positive given constants. Let Di 
be a subset of R i+1 as follows: 
D~ = { (xo, x l , . . . ,  xi) C/~i+1 : I~jl < ~J, J = 0, 1 , . . . ,  ~}, i = 0 ,1 , . . . ,  2~. 
Define 
f~+l(t, xi+l,... ,x2n) = sup [f(t, xo,.. .  ,z2~)l. 
(xo,...,~JeD~ 
From now on, we assume that the following hold: 
(H1) there exist positive constants bo, c~, i = 0, 1 , . . . ,  2n, to satisfy, as ]xil _> ai and (x i+ l , . . . ,  
z2~) c R 2~-i, 
x~ _< c~, 1,2,...,2n, (3) i 
for all xo with Ixol >_ ao and for all (Xl,... ,x2~) E R 2~, 
bo <_ f _< co or -- co <_ f <__ -Do; (4) 
X0 2£0 
(H2) the constants bo and ci suit the inequality 
2n 
i=1 
THEOREM A. / f  Conditions (H1) and (H2) above are satisfied, then equation (1) has at least one 
2rr-periodic solution. 
REMARK. We do not impose the smoothness on the function f .  This is different from [6]. 
To prove the theorem, the Wirt inger inequality is needed. 
be a continuously differentiable function, and 2rr-periodic in t. LEMMA 1. (See [10].) Let x 
Assume that 
We first divided f into the sum of 
Y 
go(t, xo , . . . ,  x2~) = 
[ 
Then, 
£ 2~ x(t) dt = O. 
~0 2rr 
o 2~ ~2(t) dt < (~'(t)) 2 dt. 
certain terms. Define 
xolf(t ,  xo, x l , . . . ,  x2~), 
aolf(t,  ao, x l , . . . ,  x2~), 
-aol f(t, --ao, Xl,..., x2,~), 
5bo, 
X01 __ a0~ 
0 < xo < ao, 
--a 0 < x 0 < 0, 
x0 = O~ 
(~) 
where 5 = sgn (f/xo). By (5), 
bo~<go_co  or - co _< go _< -bo,  for all (t, xo , . . .  ,x2rz ) E R X R 2n-kl. 
Let 
ho(t, Xo, . . . ,x2~) = f(t ,  Xo, . . . ,x2~) - zogo(t, ~o , . . . ,~) .  
It is clear that  as (t, xo,...,x2~) e Oo = {(t, xo , . . . , x2~)  e R × R2~+l:  Ixol >_ ao}, 
(6) 
ho(t, xo , . . . ,  z2~) = 0, (7) 
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and for all (t, xo , . . .  ,x2~) C R × R 2'~+1, 
Iho(t, ~o,.. . ,  x2~)l ___ 2f~(t, ~, . .  
Set 
X 2n ) • 
729 
(s) 
where  
22n+1 e2n-kl  = sup f2~ (t, x2~). 
tER,  [X2~z I<a2n 
(14) 
(15) 
(16) 
(17) 
(18) 
Ihi+l (t, xo, . . . ,  =~)1 -< 2i+2fi+2(t, xi+2,...,  ~2~). 
Sum the above key points as the following lemma. 
LEMMA 2. The function f may be written into 
2n 
f(t, xo,..., x2~) = E xjgj(t, Xo,..., x2~) ÷ h2~(t, xo,..., x2~). 
j=0  
Moreover, gj and h2n satis~/ 
bo <_ go <_ co or - co <_ go <- -bo, 
lyyl <- 2icy, j = 1 ,2 , . . . ,2n ,  
Ih2~l <_ c2~+l, 
and on R x R 2n+l, 
i 
o~ : U {(t,~o,... ,=~,,) ~ R x R ~'+~ l~Jl -> ,~J}. 
j~.0 
Inductively , if hi is determined and it satisfies that as (t, xo,..., x2~) E Oi 
h~(t, so,..., x2~) : o, (9) 
and for all (t, xo,..., x2~) E R x _R 2n+I, 
fh~(t, so, . . . ,  x~)l _< 2~+1fi+1 (t, Xi+l , . . .  , X2n), (10) 
then we will determine hi+l up to h2~. Define 
{ ~/~lh~(t, ~o, Zl,..., z~,~), Ix~+~ I -> '~+,, 
a~-~lhi(t, xo , . . . ,  xi, ai+l, x~+2,..., x2~), 0 < Xx+l < ax+l, (11) 
gi+l(t, xo , . . . ,  x2~) = -a:(~ i f ( t ,  so , . . . ,  x~, -a i+l ,  x i+2, . . . ,  x2~), --ai_kl < xi+ 1 < O, 
O, xi+l = O. 
Using (3) and  (i0), we obtain 
Ig',;+ll --< 2i+lci+l 
on R x R 2n+1. Let 
h~+l(t, x0 , . . . ,  x2~) = h~(t, so , . . . ,  ~2,~) - x~+lg~+~(t, xo , . . . ,  x2~). (12) 
The definitions of f~+2 and g~+l, respectively, and (9) and (10) imply that as (t, xo , . . . ,  x2~) E 
Oi+1 
h~+~(t, so, . . . ,  x2~) = 0, (13) 
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Now we begin to prove Theorem A. From Lemma 2 finding a solution of (1) is equivalent to 
one of the equation 
2n 
x(2n+l) ÷Ex(J)gj (t,a;,X',...,x(2n)) ÷h2n (t,x, xt,...,x(2n)) --~0. (19) 
j=0 
From (5) and (11) gj cannot be continuous at 0, but x(J)gj are continuous. So hj are continuous 
by (6) and (12). We introduce auxiliary equations as follows: 
O X (2nq-1) ÷ box + A x(J)gj x[,..., -- .. = 
e [0, 1]. 
From (16), without loss of generality, assume that go > 0. If not, we replace b0 by -b0 in (20). 
LEMMA 3. There exists a constant M > 0 such that each possible 2~-periodic solution x~(t) 
of (20) satis/~es 
H~(t)ll < M, 
for ~I ~ e [0, 1], where ll" II is u~ual C 2n norm 
PROOF. Simply, we write the solution x~ of (20) as x. Multiplying two sides of (20) by x and 
integrating from 0 to 2~r in t, we have 
2n 2~r 2~r 
/o 2~x 2dt<~01 E2~cif°i=l ]x[" x(~)dt÷c2n+l~° IxIdt" (21) 
Here, Lemma 2 and f:~r x.  x (2n+1) dt = 0 are used. 
It is easy to prove that x (~), i = 1, 2 , . . . ,  2n, satisfy the conditions of Lemma 1. From Lemma 1 
and the Schwarz inequality 
x2dt)U2<~o (x(2~))2dt)l/2E2ici÷Ml , (22) 
i=1 
where M1 is positive constant depending only on ci. Below Mi, i -- 2,3, . . . ,  similarly, are 
understood. 
On the basis of (20), Lemma 2, Lemma 1, and Schwarz inequality, 
x (2'~) dt = - x(~'~-~)x (2'~+~) dt
2n 21r 21r 
~)~i~=02ici~ x(2n-1)x(i) I dt÷c2n+l~ x(2n-1) I a t  
<by ~2rx.x(2n-1) dt=O) 
E 2ici X (2n) dt + Co x 2 dt 
i=1 
+M2(fo2~(x(2n))2dt) U2 ,
which with (22) and Assumption (H2) leads to the inequality 
(23) 
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Hence, from (22), (23), and Lemma 1, 
x (~) dt _< Mg, i = O, 1 , . . . ,2n,  
which demonstrate that there exist ti E [0, 27r], i = O, 1 , . . . ,  2n, to suit 
x(i)(ti) < ]Vii 
-v /~ ' 
For any t E [0, 2~r], according to (23) and (24), 
x (~) (t) <_ x (i)(t~) + f tx  (~+~) dt 
In addition, 
(24) 
i = 0 ,1 , . . . ,  2~. (25) 
~ ~q-V~ (x( i+l ) )2  dl~ ~M5,  i = 0 ,1 , . . . ,2n -  1. 
(26) 
2n 2~r 
j=O JO 
2~r 
+ A22~+2c2,+1 + (1 - A)bo f tx[ dt 
J0 (27) 
P 27r 
< M6 + 22nc ~ X (2n) _ 2~ dt (by (26) )  
(// 22~V~c2~ <_ M6 q- \x(2n)y 2 d i l l /2  _ < M7 (by (24)). 
According to (26) and (27), we derive the estimate in Lemma 3. | 
LEMMA 4. For any a • O, the equation 
X (2nq-1) q- OLX = 0 
has only trivia/27r-periodic so/ution. 
The proof of Lemma 4 is easy. 
v-~2n+l Let a = {u E C(R, R 2~+1) : u(t + 2~r) = u(t), tlu][ _< M + 1}, where [lull = L j= l  suP0<t<2~r 
[uj(t)[. Rewrite (20) as follows: 
u' = Fx(t,u) = Fa(t + 2~r, u), (28) 
where u = (x ,x ' , . . .  ,x(2~)) T, Fx(t,u) = (x ' ,x" , . . .  ,x(2n), (1 - ;~)box + ;~f( t ,x ,x ' , . . .  ,x(2"))) T. 
By Lemma 3, for each .k C [0, 1], every possible 2~r-periodie solution u of (28) satisfies u ~ 0t2. 
By Lemma 4, as ~ = 0, (28) has only trivial solution. Thus, from [5] (Theorem 1 P33), as ,k = 1, 
(28) has at least one 2~r-periodic solution, that is, (1) has a 2vr-periodie solution. Theorem A is 
proved. | 
From Theorem A we also have the following theorem. 
THEOREM B. Assume that f satisfies 
2n 
If(t, xo, x l , . . .  ,x2n) - f(t,  yo, y l , . . . ,  y2,~)l -< X~i  Ixi - yd, 
i=0 
for any (t, xo, Xl , . . . ,  X2n ) and (t, Y0, Yl , . . . ,  Y2n) E R x R 2nq-1, where co > 0 and ci >_ O, i : 
1 ,2 , . . . ,2n ,  are constants and there exists a constant bo > 0 such that bo <_ Ifxol < co on 
R x R 2~+1 and the following inequality holds: 
2n 
(1 -[- e~-o°) E 2ic, < 1. 
i=l 
Then, equation (1) has at least one 27r-periodic solution. 
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